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1 Introduction 



Recently, some authors (see Pa|| , pPSof , and [ [BPSt|| ) have considered multi 



dimensional analogs of classical inequalities for monotone functions: Hardy's 
inequality, Chebyshev's inequality, embeddings for weighted Lorentz spaces. 



etc. (see, e.g., ||AM|| , [ pa| , [pt| , [|CS|| ). We recall that the main interest in 
studying these results on monotone functions comes from the fact that the 
spaces, where the estimates hold, are rearrangement invariant function spaces 
(see | ]BS|| ), and hence the functions that show up in the inequahties are the 
nonincreasing rearrangements of general measurable functions (which are es- 
sentially all monotone functions on M+). This observation is fundamental to 
understand our main purpose: we want to find the natural definition for a 
multidimensional rearrangement in such a way that what we get is a general 
decreasing function on M" := ]R_|_ x • • • x M_|_. Our approach is very geomet- 
rical: we look for a measure preserving transformation taking (all) sets in 
R" to (all) decreasing sets in M", and such that it is monotone, and leaves 



fixed the sets that are already decreasing (see Definition |2.2|) . Once we know 



how to rearrange sets, we can define the multidimensional rearrangement of 
a function by using the "Layer-cake formula", which recovers a function by 
means of its level sets (see Definition 



This new definition opens up the possibility of studying whether the prop- 
erties of the classical rearrangement hold true in the multidimensional setting 
(see Corollary |2.12 for an example which shows that the resonant property 



fails). In Section g we develop the main ideas of the new rearrangement from 



a measure theoretical point of view (Propositions |2.4|, p.7|, |2.8|, and Theo- 



rem p. lip , establish the relationship with the classical rearrangement and 



show that it agrees with the so called multivariate rearrangement (Corol- 



lary |2.9| and Theorem p.l3|) . In Section ^ we introduce the weighted Lorentz 
spaces associated to the multidimensional rearrangement, we find their re- 
lationship with the Lebesgue and the rearrangement invariant spaces (The- 
orem |3.1| and Propositions p.2| , p.3|) , prove the different embeddings in the 
whole range of indices (Proposition |3.4|) , and characterize functional proper- 
ties like quasinormability (Theorem p.5|) and the weights which give rise to 
a norm (Theorems ^]6| and |3.7| ). 

Most of the notations we are going to use are standard as, for example, 
defined in | |BS|| : A/ is the distribution function of /, the nonincreasing rear- 
rangement of / is denoted f*, h I means that h is decreasing, etc. A weight 
w is a locally integrable positive function (either on MJ^ or M", depending 
on the context), and if is a set, w{E) = J^w. As usual, \E\ denotes the 
Lebesgue measure of E. Two positive quantities A and B, are said to be 
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equivalent {A ^ B) if there exists a constant C > 1 (independent of the es- 
sential parameters defining A and B, and not the same at different occasions) 
such that C~^A < B < CA. Also, all sets that we are going to consider are 
always Lebesgue measurable sets. 

2 Two-dimensional decreasing rearrangement 

For simplicity, we are going to reduce our definitions to the two-dimensional 
case, although there are natural extensions to higher dimensions too. Our 
approach is to give a geometric definition of the rearrangement of a mea- 
surable set (so that we get a general decreasing set in M^), and extend it 
to also rearrange functions, by looking at the level sets and the use of the 
Layer-cake formula ( |[LL|| ). We will show in Theorem |2.13| that this definition 
agrees with the so called multivariate rearrangement (see pij]). 

Definition 2.1 We say that a set D C is decreasing (and write D G A^^) 
if the function xd is decreasing in each variable. 

Definition 2.2 Let E be a subset of and lpe{x) = |{y G M : (x, y) G 
X G M. Let the function ip*^, defined by 



be the usual decreasing rearrangement oi (^e (see [ [BS|] ). Then, the two- 
dimensional decreasing rearrangement of the set is the set 



We give now some elementary properties for this new rearrangement def- 
inition. 

Proposition 2.4 Let E and F he two subsets o/M^. Then, 

a) \E\ = \E*\, and E* C F* , ifEcF. 

b) E = E* , if and only if E is a decreasing set o/M^. 

c) f2 = Xf', if and only iff = xe, and E* = F* . In particular, (xi7)2 = Xe'- 

d) IfEr]F = (ll then \{EUF)*\E*\ = \F\. 



^Us) = inf{A : |{x G M : ^e{x) > \}\ < s}, (s > 0) 



E* = {{s,t) ERl:0<t<ifi*Eis)}■ 
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Proof, a) We have 



E\ = 



/ (pE{x)dx — / (p*E{x)dx — \E* 



The second part is trivial since (pE < ^f- 

b) If £^ is a decreasing set, then there exists r > such that 

E = {(x, y) eR'^ ■.0<x<r,0<y< ipE{x)}. 



Since v^^; is decreasing, then E = E*. The converse imphcation is triviaL 
c) It yields that 



Conversely, suppose /| = xf* '■ 

- li X ^ F*, then x ^ {f > t}* and hence {/ > t}* C F*, for all t > 0. 

- Ux e F\ then x E {f > t}*, < i < 1, and x ^ {/ > t}\ 1< t. 

Therefore, {f > t}* = F* , ii < t < 1, and {/ > t}* = 0, if 1< t Thus, 
t < f{x) < 1, if f{x) 7^ 0, for every < t < 1, and hence there exists a set 
E such that f ^ Xe and E* ^ F*. 

Property d) follows easily from a). □ 

The following results gives more information on the level sets of / and 



Lemma 2.5 /// is a measurable function on and t > 0, then 




{f;>t}Q{\f\>trc{f;>t}. 



Proof. By definition. 




But, 



' 1 if CpliXi) > X2 



X{\f\>sy{x) = < 



, if ^;{xi) < X2, 
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where cps{a) = \{b : \ f{a, b)\ > s}\. Thus f^{x) > t ^ \{s : ip*{xi) > X2}\ > 
t. Observe that if s < s', then ipl,{xi) < ip*{xi), and hence {s : fHxi) > X2} 
is an interval of the form (0, s) or (0, s]. Hence, 

|(0,s)|>i =^ s > t ^ ipl{xi) > X2 

=^ {xi,x2) = x e {\f\>t}*. 

Conversely, if x G {|/| > t}*, then i^fixi) > X2, x = {xi,X2), and hence 
\{s : <pI{xi) > X2}\ > t, which implies f2{x) >t. □ 



Lemma 2.6 Let f and g be two measurable functions on M? and t > 0. Then 

X{\f+g\>tr{x + y) < X{\f\>t/2r{x) + X{\g\>t/2}*{y), 

X = {xi,X2), y = (1/1,1/2) e K^- 
Proof. Let 

^uia) := \{beR:\fia,b)\>t}\ 
^g,t{a) := \{beR:\g{a,b)\>t}\ 
ifif+gM) := \{bem:\if + g)ia,b)\>t}\. 

We know that 

Vf+g,M) < Vf,t/2{a) + Vg,t/2{a). 

Also, if a; ^ {|/| > t/2}*, then <^}j/2(a;i) < ^2 and similarly, if y ^ {\g\ > 
t/2}*, then 9^*^^/2(1/1) < 1/2- Therefore 

+ ^1) - i'PU/2 + ¥>g,t/2T{xi+yi) 

< "PhMxi) + V*g,t/2{yi) 

< X2+ y2, 

which means exactly that x + y ^ + > t}*. This completes the proof 
of the lemma. □ 



Proposition 2.7 Suppose f , g, and fn, (n = 1,2, . . .) are measurable func- 
tions on and let c G C. Then the two-dimensional decreasing rearrange- 
ment /I is a nonnegative function on R^, decreasing in each variable. Fur- 
thermore, 

a) \g\ < I/I - a.e. ^ gl< /a*; 

b) (cf); = \c\f*; 
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c) if f is decreasing in each variable, then /| = /; 

d) {f + 9y2{x + y)<2if*{x)+g*,{y)); 

e) I/I < liminf^^oo |/n| =^ /I < limmf„-.oo (/n)2^ and, m particular, if 
\fn\ T I/I =^ Un)l T /2; 

f) {f2{x)r = {f^{x))l, (0<p<oo); 

g) if f is a symmetric function (i.e. f{xi,X2) = f{x2,Xi)), then /| is sym- 
metric. 



Proof. That /2 is nonnegative and decreasing follows from Definition ^ 
and the fact that the characteristic function of a decreasing set is a decreasing 
function. 



a) By Definition |2.2| , it follows that 



{i^i>t}c{i/i>t}^{i^7i>tr c{i/i>tr. 

Thus X{|3l>t}* < X{|/|>t}* and g^ < f^. 

b) Trivial. 

c) If / is a decreasing function in each variable, then the level set {|/| > t} 
is a decreasing set (see also ||BPSo|| ) and c.f. Proposition 



{\f\>tY = {\f\>t}- 

We get the desired equality by using Definition |2T 
d) By Lemma ^]6| and b) of this proposition we have 



U + 9y2{.x + y) = / X{\f+g\>t}*ix + y)dt 







oo 



^ J X{\f\>t/2rix)dt + J x{\g\>t/2r{y)dt 

= 2{f;{x)+gl{y)). 

e) Let 

E':={{x,y):\f{x,y)\>t} 

and 

Ei:={{x,y):\fn{x,y)\>t}. 
Set f^iy) := f{x,y) and 

^fA^) = \{y-\fi^,y)\>t}\ = XfAt), 
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where A/^ is the usual distribution function (see [[BS|| ). Then 
I/I < hminf |/„| =^ |/^| < hm inf | | a.e. 

n^oo n—>-oo ' 

=^ Xf < hm inf A /■ 

=^ V'f, i < hminf a.e., Vt > 

?i— >oo 

=^ < liminf a.e., Vt > 
^ < lim inf XiEi^r 

=^ f*2 < Iminf {fn)l ■ 

The second part is an immediate consequence of the first, 
f) We have 

(/2(^)f = (/f X{|/|>t}*(x)^^t)' 



oo 



i.FT2i.x) = / X{\p\>tY{,x)dt 

(•oo 
•J 

In view of Lemma ^.5| we have 

X{i/i>t}* > X{r^>t} 

and, hence. 







On the other hand, if we take < r < 1, then by Lemma we have 

X{\f\>t}- < X{f^>rt}, 

and, hence, 

(■oo 



Since this is true for all < r < 1, we get 



g) This is just an observation which follows immediately by using the defini- 
tion of /j. □ 

The following proposition will be very useful for proving our main results, 
since it will allow us to consider the special and easier case of simple functions. 

Proposition 2.8 If f is a measurable function on M^, then there exists a 
sequence (s„)„ of simple measurable functions such that: 

«;o<(si);<...<(s„)^</2*, 

b) (sn)2 — ^ /I as n ^ CO a.e. 

Proof. The existence of the sequence is standard, and the rest is just 
a consequence of Proposition p.7| a) and e), and the following remark: If 
s{x) = djXEj , with oi > 02 > ■ ■ ■ > a„, > and Ej HEi = (I), i j, then 

n 

= Y.^iXF*\F*_^{x), 

where Ej = U^.^^E'^, and Eq = 0. Observe that from Proposition |2.4| we have 
that \E*\E*_^\ = \Ej\. □ 

As a corollary, we can obtain several properties relating our two- 
dimensional rearrangement and the classical one. In particular, we see that 
the new rearrangement is finer and gives more information than the other. 

Corollary 2.9 Let f and g be two measurable functions in R^. 

a) If f2 = 92, then f* = g* , and the converse is not true in general. 

h) if;r = f*. 

Proof. To prove a) we observe that if /2 = g2, then 



X{f>t}* (x) dt= X{g>tr (x) dt, 

<J 

and hence {/ > t}* = {g > t}* ■ Using now Proposition a), we get 
that |{/ > t}\ = \{g > t}\ which shows that /* = g*. To see that the 
converse does not hold, consider the decreasing sets A = (0, 1) x (0, 2), i? = 
(0, 2) X (0, 1) and the functions f = Xa and g = xb- Then, f* = g* = X{o,2) 
but f* = f^g = g*. 

The proof of b) follows immediately by checking what happens for simple 
functions and using Proposition p.8| . We observe that from b) we can also 
give an alternative proof of a) □ 
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We consider next integral inequalities, for the two-dimensional rearrange- 
ment, related to the Hardy-Littlewood inequality (see ||BS|| ). Again we ob- 
serve that what we obtain is a better estimate. We begin with an elementary 
but useful lemma. 



Lemma 2.10 Let g be a nonnegative simple function on and let E be an 
arbitrary set o/M^. Then 



g{x) dx < 5'2(^) 
Je* 



Proof. Let 



[X 



3 V-^/' 
J = l 



where ai > 02 > ■ ■ ■ > ctn > 0, a„+i = 0, and Ej C are of finite measure 
such that Ej n Ei = (/i, i j . Another representation of g is 



g(x) = Y,bjXF,{x) 

i=i 



where bj > 0, bj = aj — Oj+i, and Ej = Ul^iEi. Then, 
92i^) = / X{g>tYix)dt 







0.1 ra,2 ro-n 

XEr'{x)dt+ X{E^VJE2Y{x)dt + ■ ■ ■ X{Eiu...uE„y{x)dt 

a2 J a-j Jo 

= XEi'-{x){ai - 02) + XiEiUE2r{x){a2 - 03) H h X{Eiu...uEr,r{x)an 

n 

= HhxpA^)- (1) 

Thus, since {Ej n E)* C Ej* n E* , we have that 

. n „ n 

/ g{x)dx = "^bj XFj{x)dx = "^bjlEj n E\ 
Je Je ' .^^ 

n n . 

= Y.hmnEr\ = Y.h dx 

j=i j=i J{Fjr\E)* 

n 



< T.bjl^^^Jx = J^j;{x)dx. a 



3=1 ""j' 
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Theorem 2.11 /// and g are measurable functions on M^, then 
\f{x)g{x)\ dx< 1^ mx)g;{x) dx < / nt)g*{t) dt. 







Proof. It is enough to prove the statement for / and g nonnegative. By 
Proposition |2]^ e) and in view of the monotone convergence theorem there 
is no loss of generahty in assuming / and g to be simple functions. Let 

n 

i=i 

where Ei d E-^ d . . . d . . . En d M^, are of finite measure, and > 0. Then, 
by Lemma |2.1(J|, we have that 



II' n II' n 

f{x)g{x)dx = Y.^J 9{x)dx<Y,aj g*2{x)dx 

n „ 

^ajXE'ix)gl{x)dx = / (x)^;(a;)da;. 



The second inequality follows from Corollary |2.9| b). □ 

Corollary 2.12 If f is a nonnegative measurable function on M^, and D is 

a decreasing set, then 

sup / f{x)dx< f f;{x)dx< ^^^f*{t)dt, 
e*=dJe Jd Jo 

and both inequalities can hold strictly for some f and D. 



Proof. That the inequalities hold is a consequence of Theorem |2.11 
applied with g = Xe- To show that the first inequality can be strict, consider 
the sets A = (3,4) x (0,1), B = (4,6) x (0,2), D = (0,1) x (0,2), and the 
function f{x) = 2x^(3^) + Xb{x). Then, it is easy to see that for every set E 
such that E2 = D, we have 



/ fix) dx<2<3= [ f:(x) dx. 
Je Jd 



For the second inequality, consider Ds = {0,e) x (0,1/e) and / as before. 
Then, 

r\D.\ 

/ f*{t)dt = 2, for every e>0, 
Jo 
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but 

lim / fn(x) dx = 0. a 



As we have mentioned in the introduction, our definition of the two- 
dimensional rearrangement is based on a geometric approach: we first look 
at the rearrangement of the level sets of the function, and then we recover 
the rearrangement of the function by summing up all these level sets (Layer- 
cake formula). In the next theorem, we are going to prove a direct way 
of calculating the two-dimensional rearrangement as an iterative procedure 
with respect to the usual rearrangement in each variable (see ||B| for some 
related work). 

In order to clarify the notation used in the proof, given a function f{x, y) 
defined on M^, we write Rt{x) = {fx)*^(t), where fx{y) = f{x,y) and t > 
(i.e., Rt is the usual rearrangement of the function f^, with respect to the 
variable y). Similarly, we set f{s,t) = (_Rj)*^(s), s,t > 0. It is very easy to 
show that, in general, we do not get the same function if we first rearrange 
with respect to x and then with respect to y. 



Theorem 2.13 /// is a measurable function on M^, then f2{s,t) = f{s,t), 
V s,t > 0. 

Proof. Using Proposition ^.8| , it suffices to consider / to be a simple 
function. Hence, let f{x,y) = Yl]=iCijXEjix,y), with ai > 02 > ■ ■ ■ > a^, 
Ej n Efc = 0, k. Set Fk = uj=i^j, Fo = 0, so that 

n 

f2is,t) = Y.^iXF;\F*_^{s,t). 
i=i 

Recall that ipE{x) = \{y : {x,y) G E}\ and E* = {{s,t) : < t < (P*e{s)}. 
Hence, 

XE*{s,t) = XiO,^'^{s)){t) = X(0,A^g(t))(s). 

Thus, 

XF;\F;_,{s,t) = XF*{s,t) ~XF*_^{s,t) = X[A^^^_^(i),A^^^.W)(s), 
which gives 

n 

f2is,t) = Y.ajXlx^^, (t),A^^,W)(s). (2) 
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On the other hand, since 



where E{x) = {y : {x,y) E E}, we have that 



Rt{x) = ifxT^t) = Y,ajXl\F,_i{x)\,\F,(x)\){t) 
n n 

i=l 3=1 

where Hj(t) = {y : ipF.^Ay) <t< fF,{y)}- Therefore, 



f{s,t) = {RtT'^is) = E«jX[lG,-iW,iG,(t)|)(s), (3) 

where Gj{t) = Ui^^Hkit), Goit) = 0. Thus looking at (g) and (|) it suffices 
to proving that 

1^,(^)1 = A^,^(t). 

But, in fact 

|G,(t)| = j2\H,{t)\ = j2\{y:^^^_M<t<V>FM}\ 

k=l k=l 

= \{y-t<¥^F,{y)}\ = KF^{t), 

and the proof is complete. □ 

Corollary 2.14 If g andh are two measurable functions onW, and f{x,y) = 
g{x)h{y), then f*{s,t)= g*{s)h*{t). 



Another application of Theorem p^.l3| is that the inequality proved in The 



orem d) can be improved to obtain the classical subadditivity condition: 
(/ + 5')2(^ + ?/) — /2 (^) ~^92iy) ("^6 leave the details to the interested reader). 
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3 A new multidimensional Lorentz space 

In this section we prove some properties of a new type of space, defined using 
the two-dimensional decreasing rearrangement. Recall the definition of the 
classical Lorentz space: If is a weight in and < p < oo, 

A^iv) = |/ : ^ C : ||/|U.(,) := ^j^{rit)Yv{t)dt)"' < oo}. 

We now say that a measurable function / on belongs to the (multidimen- 
sional) Lorentz space A2(w), provided i|/||Af(«))) defined by 

t^l{w)-=(iAf2{x)Yw{x)dx\ , (4) 



■+ 



is finite. Here w is a, nonnegative, locally integrable function on M^, not 
identically 0. 

The next result gives an alternative description of the norm in terms 
of the two-dimensional decreasing rearrangement, i.e., the spaces defined 
above generalize naturally the Lebesgue spaces. 

Theorem 3.1 IfO<p< oo, then A^(l) = L^2. 

Proof. By Fubini's theorem and Proposition |2.7| f ) we have 

/ \f(xWdx = / / dxdt= / / dxdt 
Jo J{\f\p>t} Jo J{\f\p>t}* 







X{\f\p>tY{x)dtdx = / {f'%{x)dx 

= J^jf;{x)rdx. □ 

We are interested in studying functional properties of the spaces A2(w) 
and their relationship with the classical rearrangement invariant spaces (see 
BS|). The following results show that these two kinds of spaces only agree 



in very particular cases: 

Proposition 3.2 // || ■ ||ap(^) is a rearrangement invariant norm, then w is 
constant, and hence A2{w) = L^2- 

Proof. Fix {x, y) E < e < min(a;, y), and define R = (0, x) x (0, y), 

P^ = {x- e, x) X [y- e, y),Qe = {x, x + e) x (0, e), and = {R\ P^) U Q^. 
Then \R\ = \A^\, and hence ||Xi?llA^(«;) = IIxaJIa^^, which gives 

w(x) dx = w(x) dx. 

Pe JQe 
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Now, letting e — > 0, using the Lebesgue differentiation theorem, and a sym- 
metric argument changing x and we obtain that w is constant. □ 

In a similar way, one can prove the following: 

Proposition 3.3 There exists a weight v in such that ^^{w) = L^2(f ) if 
and only if A2{w) = 

It is very easy to see that embedding results for the spaces A2{w) are 
equivalent to embeddings for the cone of decreasing functions on , which 

have been completely characterized in all cases (see |[BPSo|| and ||BPSt|| ). The 
result reads as follows: 



Proposition 3.4 Let < pi,p2 < oo and wi, W2 be two weights in 
d) If Pi < P2; then A2^(wi) C A2^{w2), if and only if, 

sup ; —, — < OO. 



b) If pi > P2, then A2^{wi) C A2^{w2), if and only if, 



sup r w,{Dh,t)-''/'"d{-W2{Dh, 

0<hlJO 



\r/P: 



2) < OO, 



where Dh,t = {a; G : h{x) > t}, and 1/r = l/p2 — 



The characterization of the quasinormability, in the case of the classical 
Lorentz spaces, was proved in ||CS|| to be equivalent to a doubling condition 
on the weight (the A2-condition). We show that a similar result holds for 
the two-dimensional rearrangement. 

First we note that the spaces A2{w), < p < oo, have the following 
(quasi)norm properties: 

I|c/||ap(^) = |c|||/||a^(«,), (5) 

(see Proposition |2.71 b)), and if w is strictly positive (which we assume in the 
sequel) 

ll/llA^M = 0^/ = Oa.e. (6) 

Thus, in order to investigate if || • ||Af(w) is a norm (quasi-norm) we only have 
to check that the triangle (quasi-triangle) inequality holds. 
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Theorem 3.5 Let < p < oo. Then, \\ ■ \\a'!^{w) « quasinorm if and only 
if there exists a constant C > such that 



w(2x)dx < C w(x)dx, (7) 
D Jd 

for all decreasing sets D C M^. Moreover, with this quasinorm, A2{w) be- 
comes a complete quasinormed space. 



Proof. For sufficiency we use Proposition d), Theorem 2.2 d) in 
||BPSo|| , with p = q, and we get: 



IIZ + ^fAlH = J^Jif + 9)l{x)r w{x)dx 

< C J^^ {f;{x/2)+g;{x/2)rw{x)dx 

< U2ixmrw{x)dx + J^^ {gl{x/2)Yw{x)dx^ 

< c(( U;{x)fw{2x)dx+ ! {gl{x)fw{2x)d:^ 



< C[^j^^ {f;{x)rw{x)dx + J^^ {g;{x)rw{x)dxj 

and it follows that ||/ + ^||a^(«,) < C(||/||a^(«,) + lkllA^(«;))- 

Conversely, let D and Di be two sets of with DnDi = and D* = 
and such that if D* has the representation 

D* = {{xi, X2) ■■ < xi < r,0 < X2 < r > 0}, 

(with 01), then 

{D U Di)* = {{xi, X2) -.0 <xi < 2r, < X2 < (pixi/2); r > 0}, 

(this is easily done by taking Di to be a translation of the form Di = D + 
{N, 0), where > is big enough). If || ■ ||aP(^) is a quasinorm, then 

11/ +^rA^M< ^(11/11 V) + 11^11 V))' 

and if we take f = Xd and g = xdi, then we get 
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w{x)dx<C / w{x)dx. (8) 

(DUDi)* JD* 

We denote by E := {D U Di)\ and by 

El := {(xi,X2) : < Xi < 2r, 0(2xi) < X2 < 20(xi/2); r > 0}. 

Obviously, = 2D*. Since El = E = E* we can apply (|) with D = 

Di = El and get 



dx = w{x) dx < C w{x) dx 

2D* J{EUEi)* JE* 



= C w(x) dx < C / w(x)dx, 

J{DUDi)* Jd* 

which is obviously equivalent to condition Thus, in view of (||) and (|]), 
the first statement is proved. 

To prove that A2{w) is complete we have to show that if {fk)k <^ ^2('y^) 
is a Cauchy sequence, then there exists a function / G A.2{w) such that 
Wfj - /||ap(«,) — ^ as j ^ cx). Since || • W^p^^^ is quasinorm and {fk)^ is 
Cauchy, there exists a constant C > such that < C < 00, Vj G N. 

Also since {fj — /fe)* is decreasing in each variable, for a fixed x G M^, if 
we set Qx = {y ^ ^ < < x^, k = 1, 2}, then 

(/j - fk)7{x) / < / (/j - fk)l^{y)w{y)dy. 

JQx JM.j^ 

Therefore 
This implies 

\f,-h)l 0' a.e. 

and hence 

\fj-h) — ' 0' a.e., 

i.e., is Cauchy in measure. Hence there is a subsequence {^fk^ which 

converges pointwise, say to a function / which is measurable. By Proposi- 
tion |2.7| e) and by Fatou's lemma we have that / G K^{w). Moreover, 

hm - = - U{x)l X G 

J— >oo 
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Using Fatou's lemma again and the fact that {fk)k is a Cauchy sequence, we 
finally get 

11/ - /ilU^M < C (11/ - /fejA^(«,) + Wfi - /fcjA^(«,)) — ^ 0, as i,j -^00. □ 

Finally, we are now going to prove the main result of this section, namely, 
the characterization of the weights w for which || • ||a?;(«)) is a norm. We begin 
by showing the following necessary condition on the index p: 



Theorem 3.6 Let < p < 00. If K^{w) is a Banach space, then p>l. 

Proof. Since A^w) is a Banach space, there exists || • ||, a norm on A^{w), 
such that 

Hence 



N 



X] ff^ 

k=l 



N N 

^li^) k=i k=i 



for all iV G N. Suppose Q < p < 1 and take a decreasing sequence of domains 

Ak+^ C Afc C . . . C Ml 



such that /^* w{x) dx = 2 ^'p. If fk = ^^Xa^, then ||/; 



But for a fixed A^, we have that 



1. 



1 ^ 

/fc 

k=l 



N 



< C < 00. 



On the other hand, since {^ti = Ef=i 2*=Xa* (by (D), and A*,^, 

Ale ... cR^we have (taking Aj^+i = 0) 



C 



N 



N 



k=l 



N 
1 

N 
1 

N 
1 

N 



N 



k=l 



A^^iw) 



N 



, (^E2''XA*j {x)w{x)dx 

N / k \ Y \ 

E E XAi\Ai^^ ix)w{x)dx 

k=l \j=l J / 

N / k Y 

2 E E2-' XAi\AiY^)w{x)dx 
+ k=l \ j=l J 
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C N^/P 
which is a contradiction. Hence p> 1. □ 

Theorem 3.7 Lei 1 < p < oo anc? w be a weight in R^. T/ien, t/ie following 
conditions are equivalent: 

a) II • ||Af(«;) is a norm. 

b) For every A,B G ]R^ w{{A n B)*) + w{{A U B)*) < w{A*) + w{B*). 

c) There exists a decreasing weighty on M"*" such thatw{s,t) = v(t), s,t > 0. 

Proof. If II • ||A^('it;) is a norm, take A,Bc M^, 5 > and define the 
functions 

1 + 5, iix e A 
f{x) = { I, if X E {AUB)\A 
0, otherwise, 



and 



Then, 



'1 + 5, ifa;e5 
1, ifxe{AUB)\B 
0, otherwise. 



g2ix) = (1 + 6)xb* (x) + X{AyjBY\B* {x), 
U + gTiix) = {2 + 26)x{AnB)*{x) + {2 + 5)x{AyjB)*\{AnB)*{x), 

and, hence, the triangle inequahty and the fact that 1/p < 1 imply 

IIZ + ^IUiH = {{2 + 25Yw{{Af^By) 

+(2 + 5Yw{{A U B)* \{Af\ BY))^^" 
< ll/IUfM + IblU^M 

1 + 6Yw{A*) + w{{A U BY \ A*'^ ^'^ 

18 



+ ((1 + 6Yw{B*) + w{{A U B)* \ B*)) 
< 2^-^/^ ((1 + 5yw{A*) + w{{A U By \ A*) 

+(1 + 5yw{B*) + w{{A U By \ B*)f'\ 

Collecting terms, dividing both sides by 2^~^((1 + 5y — 1) and letting 5 — 0, 
we finally obtain 

w{{A n By) + w{{A U By) < w{A*) + w{B*), 

which is b). Thus a) implies b). 

Assume now that b) holds. Fix s,t > 0, and consider, for £ > small, 
the sets 

A = (0,£) X (0,i)U(£,s) X (0,i-£), 

B = {0,e) X {0,t-e)U{e,s) X {0,t). 

Then, 

A* = A, 

B* = {0,s-e)x{0,t)U{s-e,s)x{0,t-s), 

{An By = (0,s) X (0,t-£), 

{AUBy = (0,s)x(0,t). 

Hence using b) we obtain that 

w{{s-e,s)x {t-e,t)) = w{{AU B)*) - w{B*) < w{A*) - w{{An B)*) 

= w((0,e) X {t-e,t)). 

Thus, dividing both sides by and letting e —>■ we obtain that w{s,t) < 
w{0,t). 

Similarly, taking now 
A = (0,s) X (0,t), 

B = {0,s)x{e,t + s)U{e,s-e)x{0,t)U{s-e,s)x{0,t-e), 
we obtain that 

A* = A, 

B* = (0,s-e) X {0,t)U{s-e,s) X {0,t-e), 
(AnB)* = {0,s -2e) X {0,t)U {s -2e,s) X {0,t- e), 
{AuBy = (0,£) X (0,t + £) U X (0,t). 
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Therefore by using b) we obtain that 



w{{0,e) X {t,t + e)) = w{{AUBy)-w{A*)<w{B*)-w{{AnBy) 

= w{{s — 2e,s — e) x {t — e, t)). 

Hence, dividing both sides by and letting e — > 0, we obtain that w{0, t) < 
w{s, t) and, thus, 

w{s,t) = w{0,t) = v{t). 

To finish we will prove that v{b) = w{0, b) < w{0, a) = v{a) if < a < 6: 
for 6 > small, take now 



Then, 



A 
B 



A* 
B* 

(AnB)* 

(AUB)* 



(0,£) X (0,a), 

(0,£) X (£,6). 



A, 

(0,£) X (0,5-e), 
(0, e) X (0, a — e), 
(0,5) X (0,6). 



Hence using b) we obtain that 



w{{0,e) X {b-e,b)) = w{{AUB)*)-w{B*) <w{A*)-w{{AnBy) 

= w{{0, e) X (a — e, a)). 

Thus, dividing both sides by e"^ and letting e ^ we obtain that w{0, b) < 
w{0, a). 



Finally, we are now going to prove that c) implies a). By Theorem p.l3 
we know that = {fx^{t)y^{s). Thus, using the fact that || ■ \\ap{v) is a 

norm, if v is decreasing (see [O), and Minkowski's inequality, we obtain 



11/ + fi'lUfH 



[if + gy{s,t)rw{s,t) dsdt 



oo / ^oo 



1/p 



\J0 

oo 



{fx+9.y'{t)\ dxjv{t)dt 
{f.+9.y'{t)Yv{t) dt]dx 



dsjv{t) dt 

1/p 



1/p 



1/p 
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< 



< 







1/p 



+ 







{g^yyit) v{t)dt 



^\ury{t)Xv{t)dt\ dx 



l/p-l p \ 1/p 



dx 



1/p 



+ 



(^?x.)*ni) v{t)dt]dx 



1/p 



{f;{s,t)Yw{s,t)dsdt] 



+ ( !^x2{s,t)yw{s,t)dsdtj''' 

Thus, in view of (13) and (pf), the proof is complete. □ 



Remark 3.8 Observe that the equivalences proved in Theorem |3]^ in par- 
ticular say that I^^{w) = L^{A^{v, dy), dx), which is a mixed norm space. 
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